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FM transition of FeRh within AFM phase
induces elastic stresses

The compressive bi-axial elastic stresses due to the volume expansion accompanying
the transition inhibit the ferromagnetic transition and fragments
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Simple laws of linear elasticity
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Hooke’s law

o=F-€

Example : hydrostatic compression
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Remember from your introductory thermodynamics course discussing
the ideal gas law. K is the compressibility, described as K~1/p

thomas.lagrange@epfl.ch e www.epfl.che lumes.epfl.che moodle.epfl.che PHYS-307



Example: pure shear-stress
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Strain tensors

dx'. =dx, +du, Landau-Lifshitz theory

dl = \dx} +dx’+dx>  dl'=\Jdx"+dx"+dx"”
Before After deformation
Distortion tensor B,

P 2
/ h
*] du,

Displacement vector i =i (x,,x,,x;) |du;= > dx, = p,dx,
Xk

dl’? = (dx; + du;)?

dl"” =dx] +2dxdu, +du’ =dl’ du, du; ou,

~dx dx; + “dx.d
ox, dx, dx, K

dl” = dI* +2u, dx dx
Strain tensor U

. du, auk+ , du, auk
- axk ox, JX, axk ox,
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Physical significance of the strain tensor

dl”? = (6, +2u, )dx,dx, = (1+ 214("))dxi2 since a basis exists where uiis diagonal

l

\

Kronecker’s delta in this basis dx'. = \/(1 +2u" )dxi = (1+ u(i))dxi

dV' _dx'dx',dx'; (1)) ~ () 4,2 4 ,,0)) =
e I dd, —1;[(1+u )—(1+u +u+u )—(1+tr(u))

2 1 u:lu1 2 ‘ 2 i
dx L |, I_hl dx - Joo e dx
: ? ﬂlz =1g0 : ' : :
E d p=0 : P =P : B, ==B
| —— _____________Ir -
dx 1 dx 1 dx 1
deformations rotations

1

ﬁz’kza

(ﬁz’k + ﬁki) + %(ﬁik — ﬁki) =Uy T Wy
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Stress tensor

Volume forces
jEdV Uy [

du, Buk
axk ox,

We assume that forces can only act on surfaces and are
transmitted to volume through the surfaces.

[Fav = j

J0,
= dV = C_[)O'ikdsk Divergence theorem

equilibrium
F=0= 2k _g
0x,
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Review of thermodynamics

1st principle
dE =00 + oW

If reversible process
6Q =TdS =dQ
dE =TdS — PdV

If pressure=constant
dQ=TdS =dE+ PdV =d(E+ PV)=dH

The enthalpy (heat) is an exact differential

dH =TdS + VdP
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Review of thermodynamics

If temperature=constant
dW =dE—-dQ =d(E—-TS)=dF = dE — SdT — TdS
dFf = —-PdV — SdT dE =TdS — PdV
The Helmholtz free energy (work) is an exact differential

If temperature+pressure=constant
G=E-TS+PV=H-TS=F+PV
dG =-8dT +VdP=0 G minimum
For N particles

dG =—-SdT +VdP + udN
G =uN isthe chemical potential
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Review of thermodynamics

How to use these thermodynamic functions?

Irreversible process If V&S=constant
aY <T— dE 6Q _0
dr dt dt dt dt
5Q=dE+PdV_Td_S=>d_E_TdS —PdV E minimum
dt dt dt dt dt dt

If temperature&volume=constant

dE _.dS _ d(E-TS) dF

— — <0 F minimum
dt dt dt dt

If temperature&pressure=constant

_d(E-TS+PV) _dG _VdP _0 G minimum
dt dt dt
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FM transition of FeRh within AFM phase
induces elastic stresses

How do we express transformation stresses in FM transition?
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Thermodynamics of deformation

Work of internal forces (! sign -)

j5w dV = jﬁu dv

j Sw, dV = ﬂw l o, ‘2‘" dv

j5wim dV = —j o.ou, -dV
4 4

int

oW, =—0,0U,

Int

...per unit volume
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Thermodynamics of deformation

Energy
de=0q—ow,  =Tds+0,du,

Uniform compression

dE =TdS — pdu,V =TdS — pdVVV =T1dS — pdV

df =—sdT +0,du,

dh=Tds—u,do

dg =—sdT —u,do,

_ae) _of
Ou = ou,, ] S B u,, ]T

, __98 | __9s
. ao-ik T - ao-ik S
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Thermodynamics of deformation

The physical origin of the deformation
L e
dF =—-SdT — PdV + f.dl f.>0

oF oE dS
- | == 7= 1
ﬁ al JT,V al JT,V al JT,V ( )

Internal Entropy \

energy variation Metals vs. Elastomers

variation ¥ /

F'is an exact total differential
B[BF) _ 0 [BF) =>_B_S) za_f) (2)
0I\JdT J, oT\ dl ), d ).y, dT ),

OF of
ﬁ ) EJT,V +T aT JZ,V (1) T (2)
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Hooke’s law

F doesn’t contain a linear term in

hypothesis

equilibrium:

Undeformed state

u,=0=0, =0

O-ik

Uy »O0 i

o
_auik T

We search for invariants as coefficients of f, i.e, powers of u,,

U, can be diagonalized, we can write the characteristic equation

Det(u—/ll)= 0= A’ —Tr(Z)/’L2 —C2/1+Det(Z)= 0

2 )
C, =upt+up+uy—u Uy, — Uy Usy — Uyylhs,

but Eui =
ik
)

Tr(Z)

_ _\ 2 =\ T2
Tr(u)} +2C, isalso an invariant [T’”(”J , G,

= U,

first order invariant

second order
invariant

Det(ﬁ)
third order
Invariant
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Hooke’s law

A possible form of free energy is:
A and p are Lamé constants

2
f=ht [T"( )} "‘#Zui A~ Young’s modulus & v
ik

L~ shear modulus

Search for a more physical form

U, = (u;-k - %5% 'T"(Z))"' %afk -Tr(Z)

hydrostatic
pressure

1 _ 2
E(uﬂc —551.,6 -Tr(u)) IS also an invariant

f=f+ [Tr( )T+u§(um—%5ﬁkn(;))2

2
with K=l+§u

Pure shear
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Hooke’s law

O, = a—fl =0, = Zu(uik — %51.,( -Tr(Z))+5§kKTr(Z)

B ou,,
Note that: Tr(g) = 3KTr(Z)

Hooke’s law...depending on strains

U, = ﬁ(aﬂc — %61.,{ 'Tr((:)'))+9LK6ik 'T”(g)

Physical signification of tand of K

Uniform compression: 0, =—po,,

= 1 V1
T,,(,,,)ZA_VZ_E _=_( )

1% K K JdP )V

K is the compressibility modulus
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Hooke’s law

6
Pure shear-stress u,, = > = O0,, = U0

U is the shear modulus

H tracti O=0,;,=> U ° o E K
. — — — —
omogenous traction: 33 5= L 3K + 1
. 1 3K-2 1
u“:uzz:—vg with v = o i<v<=
E 2 3K+ U 2

New formulation of the Hooke’s law:

E 1% =
O, = (uik + 0, -Tr(u))
1+v 1-2v

Uy = %((1""’)0-:& —V-0, Tr(g))

19

thomas.lagrange@epfl.ch e www.epfl.che lumes.epfl.che moodle.epfl.che PHYS-307



Effect of temperature

f= ()~ Ka(T _To)Tr(;)+§[Tr(Z)T + u;(uﬂc - %&kTr(Z))z

,=-Ka(T-T,)5, +2u(uik _ %5& -Tr(;))+5ikKTr(Z)

AV

0=0 = Tr(u)= =a(T-T,)
e . . . . 1( du, OJu,
Equilibrium equation of isotropic bodies  u, == ==+
2\ dx, Ox,
( =1\
aaik_o_ E auik_l_ |4 aTr(u) _E azu,-_l_ E azu,
ox,  1+v|ox, 1-2v ox )_2(1+v) dx, 2(1+v)(1-2v)dx,dx,
\

—

(1—2V)Aﬁ+grad(div(ﬁ))=0 = AAu =0 U is biharmonic

20

thomas.lagrange@epfl.ch e www.epfl.che lumes.epfl.che moodle.epfl.che PHYS-307



Generalized Hooke’s law

O, = Cijklukl
— 1 —

Symmetry: 6 indices notation
11—-51,22—>52,33—53,23—>4,31—55,12—>6

bUt u4 — 2”239 u5 — 2”31 ’ u6 — 2”12

0, ¢, G, G5 C, C5 Cg U,
o, c, C, C, C, C, C, U,
O; _ Ci Gy G Gy G Cy . Us
O, Cu Gy Gy Cf Cpi Cy U,
Os Cs G €5 Cp G5 Cy Us
| 0 | | G Cu Cu Ciw Cs Co | | Uy
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Generalized Hooke’s law

mn

Crystalline system Cij ajj
triclinic 18 3
monoclinic 12 3
orthorhombic 9 3
tetrahedral 6 2
rhombohedral 6 2
hexagonal 5 2
cubic 3 1

Application to cubic crystals

c, ¢, ¢, 0 0 O Oy = Cpylhyy T Cpplhyy T Gyl

¢, ¢, ¢, 0 0 O O = Cpplhy T Cpylhyy T+ Cpylis;

_ C, C, ¢, 0 0 0 O35 = Cpplhyy T Cpylhyy + €y lhs;
o o o0 ¢, 0 0 O, = 2C Uy,
00 0 0 6 0 Oy = 2C4 Uy,
i 00 000G | O, = 2C,uy,
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Anisotropy coefficient

5,

............

In  Oxx,x,

\\Il

Q|

aj

0,,=0,, 05 =0,

0)
0,
0

Q.

o O

2

1

OOHQ
[\

0
O
0

<
|l

=|
]

Uy =Upy Uy = U,

2 C44

C11 o C12

Cubic O0,,=0,, = 2C44u12 o, =Chu,+CLu, = (Cll — C12)u12
2C,, = (C11 — Clz) = Anisotropy coefficient A=
Na K Fe W Al Cu Pb | Cdiam | NaCl | KCI
7.5 5.7 2.4 1 1.2 3.2 4 1.6 0.7 | 0.36
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Inverse generalized Hooke law

U, = Sijklo-kl
St = S m,n=1,2,3
1
Sijkl =5Smn m#n=4,5,6
1
Sijkl ZZSmn m=n=4,5,6

for instance

1
ul = Sllo-l T S120-2 T Sl3o-3 T 5(S140-4 T SISO-S T Sl6o-6)
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Auxetic solid, v<O

“*" \"'\ \\v
‘ V v
\ “v\\" by \vw\\' — ‘ Q’ ‘\ m
\\‘ =\ s ’\ \‘¢¢ ‘ "l’ /Z;'@ ﬂ
\vxiﬂ u\ SA e S REY A

| -
-"»» oA WY gV

\\ “' A\‘ \"‘_‘ \\ &S - '. LU “ ) y" ;" \ >

/»""" \'

\\u R 5 "‘,.u"i
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http://www.youtube.com/watch?v=PLDbSWSm5i8
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